Elementary fuzzy Cellular Automata (CA) are known as continuous counterpart of elementary CA, which are 2-state CA, via the polynomial representation of local rules. In this paper, we first develop a new fuzzification methodology for q-state CA. It is based on the vector representation of q-state CA, that is, the q-states are assigned to the standard basis vectors of the qdimensional real space and the local rule can be expressed by a tuple of q polynomials. Then, the q-state vector-valued fuzzy CA are defined by expanding the set of the states to the convex hull of the standard basis vectors in the q-dimensional real space. The vector representation of states enables us to enumerate the number-conserving rules of 3-state vector-valued fuzzy CA in a systematic way.
INTRODUCTION
One-dimensional Cellular Automata (CA) are linearly arranged arrays of cells that evolve simultaneously in accordance with the local update rule depending only on their neighboring cells. Although rules of CA are very simple, they provide surprisingly rich applications and knowledges [1] , e.g., traffic dynamics [2] , evacuation process [3] , cryptography [4] , project scheduling [5] , image processing [6] , urban planning [7] , and so on. Simple examples of CA are 2-state 3-neighbor CA, called Elementary CA (ECA). Cattaneo et al. [8] apply the fuzzification to the boolean operators in the disjunctive normal form of the local rule of ECA and obtain a kind of continuous CA whose cells have states in [0, 1]. Such CA are called elementary fuzzy CA and their local rules are polynomials of the states of the neighbors. The asymptotic behaviors of elementary fuzzy CA are studied for cases with a single seed in a zero background [9] and for periodic cases [10] . There are more detailed studies on dynamics for some specific rules, e.g., rule 90 [11, 12, 13] , rule 110 [14] , rule 184 [15] . The algebraic approach for elementary fuzzy CA using invariant theory is presented in [16] . However, to the best of our knowledge, q-state fuzzy CA have not been successfully formulated yet. For example, if we try to fuzzify 3-state CA, we can simply come up with expressing local rules by polynomials along a similar way to elementary fuzzy CA and expanding the states from {0, 1, 2} to the continuous values in [0, 2] . Although local rules of elementary fuzzy CA are closed in [0, 1], local rules of 3-state fuzzy CA constructed above are not closed in [0, 2] . Moreover, the state "1" is the middle value of "0" and "2", which means that a state can be expressed by other states.
In this paper, we develop a new expression of q-state n-neighbor fuzzy CA. To treat the q states independently, we represent the q states by the standard basis vectors of R q instead of {0, 1, . . . , q − 1}. Then, the states of the corresponding fuzzy CA are in the (q − 1)-simplex whose vertices are the standard basis vectors of R q . In the case with q = 3, states of the 3-state fuzzy CA belong to the interior or the boundary of the regular triangle with vertices (1, 0, 0) , (0, 1, 0) , (0, 0, 1) . We call such CA q-state Vectorvalued Fuzzy CA (q-VFCA). The vector representation of CA reminds us the quantum CA [17] . They are also continuous valued CA, but they do not have the discrete counterparts. The q-VFCA in this paper are based on the conventional CA with q discrete states. Hence, we have one-to-one correspondence between the q-VFCA and the usual q-state CA. Other CA represented by three-dimensional vectors are considered in the studies on the image process-ing or the encryption of RGB color images [18, 19] , but they do not come from 3-state CA. We also remark that fuzzy CA in this paper does not mean CA on fuzzy sets [20] or fuzzy choice of local rules [21] .
The existence of the conserved quantities is one of the fundamental problem in the study of periodic CA. The additive conserved quantities of ECA and the elementary reversible CA are investigated in [22] . In the case of ECA, an example of the additive quantity is the sum of the states of the cells in a period, which is identical to the number of cells with state "1". Fukś and Sullivan [23] give a combinatorial characterization of the number-conserving CA rules and compute the number of such rules for q-state n-neighbor CA. This "number-conserving" means that the state "k" is equal to the numerical value k and the sum of these numerical values is conserved. On the other hand, q-state vector-valued CA we focus on enable us to enumerate the rules that conserve the number of the cells with the specific state "k" by taking the sum of the kth entries of all vectors as the additive quantity. The concept of number-conserving rules can be extended from q-state vector-valued CA to q-VFCA, as shown in [24] for elementary fuzzy CA.
The present paper is organized as follows. In Section 2, we give definitions of ECA and elementary fuzzy CA. In Section 3, q-state n-neighbor vector-valued fuzzy CA are introduced. Although the method presented in this paper can be applied to q-state n-neighbor vector-valued fuzzy CA, we describe 3-state 3-neighbor vector-valued fuzzy CA for the convenience of the notations. In Section 4, we enumerate all the number-conserving rules of 3-state 3-neighbor vector-valued fuzzy CA, where similar computation is applicable to any other additive conserved quantities.
ELEMENTARY CA AND ELEMENTARY FUZZY CA
In this section, definitions and notations of ECA and elementary fuzzy CA are given.
We denote the set of the states by Q. The neighboring cells of the cell i ∈ Z are given by the set N (i) = {i − n , i − n + 1, . . . , i, . . . , i + n r }. CA are called q-state n-neighbor CA if |Q| = q and |N (i)| = n. Let x t i ∈ Q denote the state of the cell i at the time t ∈ Z ≥0 . The local rule f : Q n → Q determines the evolutions of the cells by
We describe elementary fuzzy CA introduced in [ by the polynomial obtained from the disjunctive normal form in boolean operations:
For example, the polynomial expression of the local rule of ECA rule 184 given in Table 2 is
If we expand the domain of h to [0, 1] 3 via the polynomial (1), then we can easily check that the obtained function, denoted by f , satisfies f
We next consider the fuzzification of q-state CA. The states "0","1", . . . , "q − 1" in the conventional CA are just symbols, not numerical values, that is, the states 0, 1, 2, . . . can be replaced with A, B, C, . . . , for example. However, if we set the state to the continuous value in [0, q − 1] in the fuzzification process, then each state can not be regarded as an independent state. So we consider the new formulation that the states 0, 1, . . . , q − 1 are completely independent states. A simple way to express q independent states is assigning them to the standard basis vectors e 1 , e 2 , . . . , e q of R q . We call the CA with Q = {e 1 , e 2 , . . . , e q } q-state Vector-valued CA (q-VCA). In this section, we construct q-state Vector-valued Fuzzy CA (q-VFCA). To avoid the use of complicated indices, we explain the case with q = 3 and n = 3, although we can easily construct q-VFCA with any q or n in the same way.
As in the case of ECA, we use the polynomial expression of the local rule for the fuzzification of 3-VCA. The local rule h :
. Indeed, each monomial x j y k z vanishes unless x = e j , y = e k and z = e . Conversely, each map h :
Let ∆ be the triangle in the three-dimensional space whose vertices are e 1 , e 2 and e 3 , i.e.,
Now we expand the domain of h to ∆ 3 via (2). In the following proposition, we prove that the obtained function, denoted by f , satisfies f (∆ 3 ) ⊂ ∆.
For any x, y, z ∈ ∆, the summation of the entries of the vector f (x, y, z) is equal to 1, namely,
x j y k z = 1.
(3)
Proof. Since each monomial x j y k z appears exactly once in the summands of the left-hand side of (3), we have h(ej ,e k ,e )=e1
x j y k z
The last equality follows from x, y, z ∈ ∆.
3-state Vector-valued Fuzzy CA (3-VFCA) are continuous CA whose state set is Q = ∆ and local rule is given by f .
To visualize the evolution of 3-VFCA, we use the RGB color system. The states e 1 , e 2 and e 3 are associated with red, green and blue, respectively. An inner point of ∆ is expressed by the mixture of the three colors, which is illustrated in Figure 1 . Space-time diagrams of 3-VCA and 3-VFCA are shown in Figure 2 . They correspond to rule 6213370633633 for usual 3-state 3-neighbor CA, where the rule numbers are the decimal number converted from 27 digits ternary number of 3 27 rules.
ADDITIVE CONSERVED QUANTITIES OF q-VFCA
denote the state of the cell i ∈ Z at the time t ∈ Z ≥0 . In this section, we consider periodic CA with the positive integer period L, i.e., we assume x t i = x t i+L for i ∈ Z and t ∈ Z ≥0 . For a function F : (R q ) p → R, the sum of the form
is called an additive quantity of q-VCA or q-VFCA. An additive quantity Φ t is called an additive conserved quantity if it satisfies Φ t+1 = Φ t for any t ∈ Z ≥0 and any initial configuration (x 0 1 , x 0 2 , . . . , x 0 L ). An example of additive quantities for q-VCA is the number of the cells in a period whose states are e k , which is counted as
These additive quantities can be extended for q-VFCA. A rule of q-VCA or q-VFCA is called a k-number-conserving rule if ν t (k) is the additive conserved quantity. In particular, a rule is called a complete number-conserving rule if ν t (k) is the additive conserved quantity for all k = 1, 2, . . . , q.
The vector representation of q-state CA or q-state fuzzy CA enables us to enumerate the rules that admit the various kinds of additive conserved quantities. We now demonstrate the enumeration of the number-conserving rules of 3-VFCA with three neighboring cells. Note that the computation below shows that a rule of 3-VFCA is k-number-conserving if and only if the corresponding 3-VCA is k-number-conserving. Recall that the local rule of 3-VFCA is of the form
where (a jk , b jk , c jk ) ∈ {e 1 , e 2 , e 3 }. If the rule of 3-VFCA defined by the local rule f is 1-number-conserving, we have
Using the identities
the most right-hand side of (5) 
for j, k, = 0, 1, 2, [x t i ] 0 = 1, and each summation is taken over i = 1, 2, . . . , L. Regarding
. . , L, as independent indeterminates and comparing the coefficients in (5), we have 19 equations. Solving them under the condition a jk ∈ {0, 1}, we obtain nine solutions for (a 111 , a 112 , . . . , a 333 ), see Appendix A. If a jk = 1, then we have b jk = c jk = 0. On the other hand, if a jk = 0, then we have two possibilities: b jk = 1, c jk = 0 and b jk = 0, c jk = 1. The number of the 1-number-conserving 3-VFCA rules is computed as 9 × 2 18 . In the same way, we can obtain the conditions for b jk (resp. c jk ) for the 2number conserving (resp. the 3-number-conserving) rules, which are shown in Appendix B.
To find complete number-conserving rules, we seek local rules satisfying both the conditions for a jk and for b jk . Note that if ν t (1) and ν t (2) are additive conserved quantities, so is ν t (3). A pair of (a 111 , a 112 , . . . , a 333 ) and (b 111 , b 112 , . . . , b 333 ) gives the local rule of a 3-VFCA if and only if a jk + b jk ≤ 1 for all 1 ≤ j, k, ≤ 3. Hence, checking 9 × 9 pairs of (a 111 , a 112 , . . . , a 333 ) and (b 111 , b 112 , . . . , b 333 ), we obtain 15 complete number-conserving rules, shown in Appendix C.
CONCLUDING REMARKS
In this paper, we first introduce the vector representation of q-state n-neighbor CA called q-VCA. The q states are assigned to the standard basis vectors e 1 , e 2 , . . . , e q of R q and the local rule h can be expressed by a tuple of q polynomials that are homogeneous of degree n. Then, we consider CA with the states in the convex hull of e 1 , e 2 , . . . , e q , where we naturally expand the vector-valued map h via the polynomial expression. We call them q-VFCA. If q = 2, the local rule for 2-VFCA is equivalent to that for elementary fuzzy CA obtained from the disjunctive normal form in boolean operations. We also explain how to enumerate the number-conserving rules of these vector-valued CA. If we focus on the additive quantity F (x t i ) = q k=1 (k − 1)[x t i ] k , we can discuss the usual number-conserving rules [23] , which conserve the number of particles, that is, the sum of the values. It is a future work to investigate the properties of q-VFCA, such as the asymptotic behavior.
A SOLVING EQUATIONS FOR 1-NUMBER-CONSERVING RULES
Comparing the coefficients of (5), we have the following 19 equations.
a 133 + a 313 + a 331 − 3a 333 = 1,
a 233 + a 323 + a 332 − 3a 333 = 0,
a 113 − a 133 + a 311 − 2a 313 − a 331 + 2a 333 = 0,
a 213 − a 233 − a 313 + a 321 − a 323 − a 331 + 2a 333 = 0,
a 123 − a 133 + a 312 − a 313 − a 323 − a 332 + 2a 333 = 0,
a 223 − a 233 + a 322 − 2a 323 − a 332 + 2a 333 = 0,
a 131 − a 133 − a 331 + a 333 = 0,
a 231 − a 233 − a 331 + a 333 = 0,
a 132 − a 133 − a 332 + a 333 = 0,
a 232 − a 233 − a 332 + a 333 = 0,
a 111 − a 113 − a 131 + a 133 − a 311 + a 313 + a 331 − a 333 = 0,
a 211 − a 213 − a 231 + a 233 − a 311 + a 313 + a 331 − a 333 = 0,
a 121 − a 123 − a 131 + a 133 − a 321 + a 323 + a 331 − a 333 = 0,
a 221 − a 223 − a 231 + a 233 − a 321 + a 323 + a 331 − a 333 = 0,
a 112 − a 113 − a 132 + a 133 − a 312 + a 313 + a 332 − a 333 = 0,
a 212 − a 213 − a 232 + a 233 − a 312 + a 313 + a 332 − a 333 = 0,
a 122 − a 123 − a 132 + a 133 − a 322 + a 323 + a 332 − a 333 = 0,
a 222 − a 223 − a 232 + a 233 − a 322 + a 323 + a 332 − a 333 = 0.
From (6), (8) , (12) , (16) and (24), we have a 222 = a 223 = a 232 = a 233 = a 322 = a 323 = a 332 = a 333 = 0.
We consider three cases for (7) .
1. a 133 = 1 and a 313 = a 331 = 0.
We have a 111 = a 131 = a 132 = 1, a 213 = a 221 = a 231 = a 321 = 0 from (10), (13) , (14) , (15) , (17) and (20) . Now, equations (9) and (11) turn to a 113 + a 311 = 1, a 123 + a 312 = 1.
Hence, we have four possibilities for (a 113 , a 311 , a 123 , a 312 ). If a 113 = 1, a 311 = 0, a 123 = 0 and a 312 = 1, equation (21) implies a 112 = 2, leading to a contradiction. Thus, we obtain the following three cases, where a 112 , a 121 , a 122 , a 211 and a 221 are uniquely determined by (18) , (19) , (21) , (22) and (23) .
(a 113 , a 311 , a 123 , a 312 , a 112 , a 121 , a 122 , a 211 , a 221 )
(1, 0, 1, 0, 1, 1, 1, 0, 0), (0, 1, 1, 0, 0, 1, 1, 1, 0), (0, 1, 0, 1, 1, 0, 0, 1, 1).
2. a 313 = 1 and a 133 = a 331 = 0.
We have a 111 = a 113 = a 311 = 1, a 131 = a 231 = a 132 = 0 from (9), (13), (14) , (15) and (17) . Equations (10) and (11) turn to a 213 + a 321 = 1, a 123 + a 312 = 1.
Again, we have four possibilities for (a 213 , a 321 , a 123 , a 312 ). If a 213 = 0, a 321 = 1, a 123 = 1 and a 312 = 0, equation (23) implies a 112 = −1, leading to a contradiction. Thus, we obtain the following three cases.
(a 213 , a 321 , a 123 , a 312 , a 112 , a 121 , a 122 , a 211 , a 212 , a 221 )
(1, 0, 1, 0, 0, 1, 1, 1, 0, 0),
(1, 0, 0, 1, 1, 0, 0, 1, 1, 0), (0, 1, 0, 1, 1, 1, 0, 0, 0, 1).
3. a 331 = 1 and a 133 = a 313 = 0.
In the same way, we have a 111 = a 131 = a 231 = 1, a 122 = a 123 = a 132 = a 312 = 0 from (11), (13) , (14) , (15) , (17) and (23), and (a 113 , a 311 , a 213 , a 321 , a 112 , a 121 , a 211 , a 212 , a 221 )
(1, 0, 1, 0, 1, 0, 1, 1, 0),
(1, 0, 0, 1, 1, 1, 0, 0, 1), (0, 1, 0, 1, 0, 1, 1, 0, 1).
from other equations.
Hence, we have the following nine solutions.
(a 111 , a 112 , . . . , a 333 ) = 1, 1, 1, 1, 1, 1, 1, 1, 0 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0), 1, 1, 1, 0, 0, 1, 0 , 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0), (1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0),
(1, 1, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0),
(1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0),
(1, 1, 0, 0, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0), (1, 0, 1, 1, 1, 1, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0),
(1, 0, 0, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0),
(1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0).
(25)
B SOLUTIONS FOR OTHER NUMBER-CONSERVING RULES
A rule of 3-VFCA is 2-number-conserving if and only if the coefficients of the local rule (4) satisfies
(0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0), (0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 1, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0), (0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 1, 1, 1, 0, 0, 0), (0, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 0, 1, 1, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0), (0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0), (0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 0), (0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0), (0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 1, 0, 1, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0). 
(0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1), (0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 1), (0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 0, 1, 1, 1), (0, 0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1), (0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 1), (0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1, 1, 1, 1, 0, 1), (0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 0, 0, 0, 0, 1, 1), (0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 0, 0, 1), (0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1). Table 3 shows the rule numbers and the local rules of complete numberconserving 3-VFCA. The rule numbers of 3-VCA or 3-VFCA are determined as follows. Let h : {e 1 , e 2 , e 3 } 3 → {e 1 , e 2 , e 3 } be the local rule of 3-VCA. Then, we consider the sequence h(e 1 , e 1 , e 1 )h(e 1 , e 1 , e 2 ) · · · h(e 3 , e 3 , e 3 ).
C COMPLETE NUMBER-CONSERVING RULES
Replacing e 1 with 2, e 2 with 1, and e 3 with 0, we have 27 digits ternary number. We can compute the rule number in the decimal number by converting this ternary number. The rule numbers of 3-VFCA are the same as those of the corresponding 3-VCA. We also express the rule numbers in the 27adic numbers, which are expressed by 0, 1, . . . , 9, a, b, . . . , q, since they seem to capture the combinatorial characteristics of complete number-conserving rules. The pair (µ, ν) in the table means that the rule is determined by the µth solution in (25) and the νth solution in (26).
